Abstract. In this article, we characterize the germ of the multiplier ideal sheaf whose associated plurisubharmonic function has Lelong number one at the point. We also present a new proof of a Skoda's result.
Introduction
Let Ω be a domain in C n , and x 0 ∈ Ω. Let u be a plurisubharmonic function on Ω. Following Nadel [14] , one can define the multiplier ideal sheaf I(u) to be the sheaf of germs of holomorphic functions f such that |f | 2 e −2u is locally integrable. Here u is regarded as the weight of I(u).
In [20] , when Lelong number ν(u, x 0 ) < 1, Skoda characterized the structure of I(u) x0 : Theorem 1.1. ( [20] , see also [3, 4] ) If ν(u, x 0 ) < 1, then I(u) x0 = O x0 .
A natural question is: If ν(u, x 0 ) = 1, what is the structure of I(u) x0 ? For dimension n ≥ 2, when we choose plurisubharmonic function u = log |z|, then ν(u, x 0 ) = 1 and I(u) x0 = O x0 .
It is known that: if u = log |z 1 | (z 1 is a coordinate function near x 0 = (0, · · · , 0)), then ν(u, x 0 ) = 1 and I(u) x0 = I(log |z 1 |) x0 .
Considering the above examples, it is natural to ask the following Problem 1.2. Let u be a plurisubharmonic function on Ω ⊂ C n satisfying ν(u, x 0 ) = 1. Can one obtain I(u) x0 = O x0 or I(u) x0 = I(log |h|) x0 , where h is a defining function of a germ of regular complex hypersurface through x 0 ?
When n = 2, Blel and Mimouni obtained the following When n = 2, Favre and Jonsson [9] used the valuative tree (see [7] ) to give an affirmative answer to Problem 1.2: Theorem 1.4. [9] Let u be a plurisubharmonic function on Ω ⊂ C 2 satisfying that ν(u, x 0 ) = 1 and ({z|ν(u, z) ≥ 1}, x 0 ) is not a germ of regular complex hypersurface, then e −2u is integrable near x 0 ∈ Ω.
We obtain Theorem 1.4 for any dimension n by proving the following Theorem 1.5. (main theorem) Let u be a plurisubharmonic function on Ω ⊂ C n satisfying ν(u, x 0 ) = 1. If ({z|ν(u, z) ≥ 1}, x 0 ) is not a germ of regular complex hypersurface, then e −2u is integrable near x 0 ∈ Ω.
The paper is organized as follows. In the present section, we present our main theorem (Theorem 1.5), which is a complete solution of Problem 1.2. In Section 2, we do some preparations in order to prove the main theorem. In Section 3, we give a proof of the main theorem, and present some reformulations of the theorem. In Section 4, we present another proof of the main theorem. In Section 5, we give a new proof of Theorem 1.1 (Skoda's result).
Some preparatory results
In this section, we recall and present some results which will be used in the proof of Theorem 1.5.
A useful proposition.
Inspired by the proof of Demailly's equisingular approximation theorem (see Theorem 15.3 in [4] ) and using Demailly's strong openness conjecture, one can obtain the following observation: Proposition 2.1. Let D be a bounded domain in C n , and x 0 ∈ D. Let u be a plurisubharmonic function on D. Then there exists a plurisubharmonic functionũ on a small enough neighborhood V x0 of x 0 satisfying that
Proof. Let {f j } j=1,2,··· ,s be a local basis of I(u) x0 . It is clear that there exists a small enough neighborhood V 1 ∋ x 0 , such that (1) V1 |f i | 2 e −2u < ∞ holds for any i ∈ {1, · · · , s}; (2) {f j } j=1,2,··· ,s generates I(u) V1 . By Demailly's strong openness conjecture which was proved in [10, 11] (see also [12] ), there exists a real number l > 1, such that
holds for any i ∈ {1, · · · , s}, where
It is clear that (2) and (3) hold. Then it suffices to check (1).
Let I := V2 (e −2u − e −2ũ ). Then
where the last inequality follows from inequality 2.1. Now (1) has been confirmed. Now the present proposition has been done.
Remark 2.2.
Assuming that ν(u.x 0 ) = 1, and e −2u is not integrable near x 0 , then (1) in Proposition 2.1 shows that ν(ũ, x 0 ) ≥ 1. By (2) in Proposition 2.1, it follows that ν(ũ.x 0 ) = 1.
Then we obtainũ satisfying that (1) e −2u − e −2ũ is integrable near x 0 (⇒ e −2ũ is not integrable near x 0 );
We recall Ohsawa-Takegoshi L 2 extension theorem as follows:
there exists a holomorphic function F on D satisfying F | H∩D = f , and
where C D only depends on the diameter of D and m, and dλ H is the Lebesgue measure.
In particular, there are two consequences of Theorem 2.3 which will be used:
Remark 2.4. Let H be a point z 3 and f = 1. If u(z 3 ) < +∞, then there exists a holomorphic function F on D satisfying F | z3 = 1, and
where C D only depends on the diameter of D.
Let f ≡ 1. By Theorem 2.3 and contradiction, it follows that Remark 2.5. Assume that e −2u is not integrable near x 0 . Then for any complex plane H through x 0 , e −2u|H is not integrable near x 0 .
Lelong number along complex line.
We recall that Lemma 2.6. ( [17] , see also [5] ) Let u be a negative plurisubharmonic function on the unit ball B n (x 0 , 1) ⊂ C n satisfying ν(u, x 0 ) = 1. Then we have lim inf
for almost all z 2 in the sense of the Lebesgue measure on sphere S(x 0 , 1)(= ∂B n (x 0 , 1)).
It is known that (converse proposition of Lemma 2.6) if lim inf r→0 u(rz2+x0) log r = 1 holds for almost all z 2 in the sense of the Lebesgue measure on S(x 0 , 1), then ν(u, x 0 ) = 1 ([17] , see also [5] ).
Proof. (proof of Lemma 2.6) By equivalent definition of Lelong number of u (see [4] ), it follows that lim inf
Recall a well-known equivalent form of the Lelong number of u at x 0 (which can be chosen as definition of the Lelong number of u at x 0 ):
udS V ol(S(x0,r)) (see [5, 4] ). Using ν(u, x 0 ) = 1, one can obtain for almost all complex line through x 0 in the sense of the Lebesgue measure on CP n−1 .
Dimension of variety along the fibres.
Proof. We prove the present Lemma by contradiction: if there exists a positive measure set A ⊂ CP n−2 , such that p −1 (z 1 : · · · : z n−1 ) ∩ H is dimension 1, then the 2n − 2k + 2 = ((2n − 4) + (6 − 2k))) Hausdorff measure of H is not zero, which contradicts to the complex dimension of H is n − k.
Proof of Theorem 1.5
In the present section, we give a proof of Theorem 1.5 and present some reformulations of the Theorem.
Proof of Theorem 1.5.
Without losing of generality, we assume that x 0 = 0 = (0, · · · , 0) ∈ C n and u is negative.
We prove Theorem 1.5 by contradiction and Theorem 1.3: if not (if ({z|ν(u, z) ≥ 1}, x 0 ) is dimension (n−1) but not regular complex at x 0 , using Siu's decomposition theorem [17] , one can obtain that ν(u, x 0 ) ≥ 2 which contradicts to ν(u, x 0 ) = 1), then there exists a plurisubharmonic function u on B n (0, 1) satisfying that:
is not integrable near 0; (2) ν(u, 0) = 1; (3) there exists an analytic subvariety H with complex dimension n − 2 near 0,
By Remark 2.2, there exists a plurisubharmonic functionũ on a neighborhood
Using Lemma 2.7, one can choose X (as in subsection 2.4) satisfying ν(ũ| X , 0) = 1. By Lemma 2.8 (k = 2), it follows that there exists (
where V 4 is a small enough neighborhood of 0. Note that
Using Remark 2.5 and e −2ũ is not integrable near 0, one can obtain that
is not integrable near 0. Combining equalities 2.4 and 3.2, one can obtain that u| p −1 (z1:···:zn−1)∪X satisfying:
(1) e −2ũ| p −1 (z 1 :···:z n−1 )∪X is not integrable near 0;
, then Theorem 1.5 has been proved.
3.2.
Reformulations of Theorem 1.5.
By Siu's decomposition theorem [17] , it follows that if ({z|ν(u, z) ≥ 1}, x 0 ) is a germ of regular complex hypersurface, then e −2u is not integrable near x 0 ∈ Ω. Theorem 1.5 can be reformulated:
Let u be a plurisubharmonic function on Ω ⊂ C n satisfying ν(u, x 0 ) = 1. Then e −2u is not integrable near x 0 ∈ Ω if and only if ({z|ν(u, z) ≥ 1}, x 0 ) is a germ of regular complex hypersurface.
There is an equivalent characterization of "({z|ν(u, z) ≥ 1}, x 0 ) is a germ of regular complex hypersurface":
The positive closed current dd c u near x 0 is the sum of the current of integration on a regular complex hypersurface ({z|ν(u, z) ≥ 1}) and a current with zero Lelong number at x 0 (by Siu's decomposition theorem [17] ).
Then there is another reformulation of Theorem 1.5: Let u be a plurisubharmonic function on Ω ⊂ C n satisfying ν(u, x 0 ) = 1. Then e −2u is not integrable near x 0 ∈ Ω if and only if dd c u near x 0 is the sum of the current of integration on a regular complex hypersurface through x 0 and a current with zero Lelong number at x 0 .
When n = 2, the above statement can be referred to [9] .
4. Another proof of Theorem 1.5
In the present section, we present another proof of Theorem 1.5 by using Theorem 1.4 instead of using Theorem 1.3:
Hölder inequality.
Using Hölder inequality and the openness conjecture, one can obtain the following Lemma:
Then we have e −2u is integrable near x 0 .
Proof. By the openness conjecture posed by Demailly-Kollar [6] which was recently proved by Berndtsson [1] , it follows that there exists c > 1 such that e −2cu1 is integrable near x 0 . Using Hölder inequality, we obtain that
By Theorem 1.1, it follows that U e −2
is integrable for U small enough. Using inequality 4.1, one can obtain the present Lemma.
Potentials of positive closed currents.
In this subsection, we recall some well-known results (see [5] ). Lemma 4.2. Let T be a positive closed current satisfying T = T 1 + T 2 , where T 1 and T 2 are positive closed current on B n . Then there are three plurisubharmonic functions u, u 1 and u 2 , satisfying T = dd c u, T 1 = dd c u 1 and T 2 = dd c u 2 , such that u = u 1 + u 2 + v almost everywhere with respect to the Lebesgue measure on B n , where v is a pluriharmonic function on B n . Moveover, u = u 1 + u 2 + v everywhere on B n .
Proof. As B n is a simply connected pseudoconvex domain in C n , then there are three plurisubharmonic functions u, u 1 and u 2 , satisfying T = dd c u,
Note that dd c (u − u 1 − u 2 ) = 0, then u − u 1 − u 2 is pluriharmonic in the sense of distribution, i.e. there exists a pluriharmonic function v such that v = u − u 1 − u 2 almost everywhere in the sense of the Lebesgue measure on B n . Then it follows that u = u 1 + u 2 + v almost everywhere in the sense of the Lebesgue measure on B n . Considering the convolution, it follows that
By Siu's decomposition, we have
where λ j > 0, H j is the analytic set through x 0 and H j ′ is the analytic set not through x 0 , and S is the current satisfying that dimension of {ν(u, z) ≥ c} is smaller than n − 2.
Corollary 4.3. There exist plurisubharmonic functions u A , u A ′ and u 0 , satisfying
Remark 4.4. As H j ′ is the analytic set not through x 0 , then the dimension of ({ν(u A ′ , z) ≥ c > 0}, x 0 ) is not bigger than n − 2 for any c.
4.3.
Residual part in Siu's decomposition (Situation A.1).
Lemma 4.5. Let {Y j } be a countable set of analytic sets on B n (x 0 , 1) satisfying dimY j ≤ n − 2. Let H j ′ be a countable set of irreducible analytic sets on B n (x 0 , 1) satisfying dimH j ′ = n − 1. Then for all most all (z 1 : · · · : z n−1 ) in the sense of the Lebesgue measure on CP n−2 , we have
Proof. By Lemma 2.8, one can obtain the present lemma.
Using Lemma 4.5, one can obtain the following corollary:
Corollary 4.6. Let dd c u := S be the positive closed current on B n satisfying that the dimension of ({z|ν(u, z) ≥ c}, x 0 ) are smaller than n − 1 for any c > 0. Then the dimension of {z|ν(u| p −1 (z1:···:zn−1)∪X , z) ≥ c} is zero for all most all (z 1 : · · · : z n−1 ) in the sense of the Lebesgue measure on CP n−2 . Moreover, for all most all (z 1 : · · · : z n−1 ), the dimension {z|ν(u| p −1 (z1:···:zn−1)∪X , z) ≥ c} is zero for any c > 0.
Proof. Using Lemma 4.5, one can obtain that for all most all (z 1 : · · · : z n−1 ), the complex dimension of analytic set p −1 (z 1 : · · · : z n−1 ∪ X) ∩ {z|ν(u, z) ≥ c > 0} at x 0 is zero for any given c > 0.
hypersurfaces not through x 0 (Situation A.2.1).
In the present section, we give some properties of plurisubharmonic function u on ∆ n with zero Lelong number on any point in ∆.
Lemma 4.7. For almost all z ′ ∈ ∆ n−2 (in the sense of the Lebesgue measure on ∆ n−2 ), the level set of Lelong numbers of u| p
Remark 4.8. It is known that ν(u| H , z) ≥ ν(u, z) for any regular complex variety H ⊂ ∆ n and z ∈ H, which implies {z|ν(u| p
Then it suffices to prove
Proof. (proof of Proposition 4.7) By Theorem 1.1, it follows that e −2ku is locally integrable on the open subset {z|ν(u, z) <
n . By Fubini's Theorem, it follows that the Lebesgue measure of
Using inequality 4.2, we obtain
Letting k go to infinity, using inequality 4.3, we obtain
Then we obtain the present Lemma.
Lemma 4.9. Let {Y j } be a countable set of analytic sets on B n (x 0 , 1) satisfying dimY j ≤ m − 2. Let H j ′ be a countable set of irreducible analytic sets on B n (x 0 , 1)
Proof. Lemma 4.9 can be proved by contradiction: if not, then the 2n − 3 dimensional Hausdorff measure of H j ′ ∩ H is zero for any j ′ . It follows that the 2m − 3 dimensional Hausdorff measure of holds, which implies
for any c > 0. Using Lemma 4.5, one can obtain that for all most all (z 1 : · · · : z n−1 ), the dimension of germ (p
is zero for any c > 0. By Lemma 4.9 (m = 2, H = {z|ν(u| p −1 (z1:···:zn−1) , z) ≥ c}, by contradiction) and inequality 4.4, it follows that the dimension of {z|ν(u| p −1 (z1:···:zn−1)∪X , z) ≥ c} at x 0 is zero (for any c > 0) for all most all (z 1 : · · · : z n−1 ) in the sense of the Lebesgue measure on CP n−2 .
Difference of analytic subvarieties along the fibres (Situation A.2.2.1).
Let X := {z 1 = · · · = z n−1 = 0}. Consider a map p from C n \ X to CP n−2 :
By contradiction, it is not hard to obtain the following Lemma:
Lemma 4.11. Let H 1 and H 2 be two different hypersurfaces on B n satisfying
Singularity of analytic subvariety along the fibres (Situation A.2.2.2).
Lemma 4.12. Let p n be the same mapping as in subsection 4.4. Let H 0 = {h 0 = 0} (h is the defining function) be a regular complex hypersurface on ∆ n through x. Assume that p n (x) is not the critical value of p n | H0 :
is not varnishing at x. Proof. We prove the present Lemma by contradiction: if dh| p −1 n (pn(x)) is varnishing at x, then the linear space of
is degenerate, which contradicts to p n (x) is not the critical value of p n | H0 .
Let H = {h = 0} be a hypersurface on B n , which is singular at (0, · · · , 0), where h is the defining function of H, such the restriction dh of any component of the set of regular points in H is not varnishing identically. Assume that X ∩H = (0, · · · , 0). (1) h z ′ is singular at 0 := (0, · · · , 0) ∈ C n ; (2) dh is not varnishing identically on any open subset of p −1 (z 1 : · · · : z n−1 )∩H.
Remark 4.14. It is clear that the complex dimension of {z|ν(dd 2 log |h z ′ |, z) ≥ ν(dd 2 log |h z ′ |), 0} is zero for a positive measure of (z 1 : · · · : z n−1 ) in the sense of the Lebesgue measure on CP n−2 .
Proof. (proof of Lemma 4.13) Note that dh| (0,··· ,0) is varnishing, then it suffices to prove that dh| p −1 (z1:···:zn−1)∩H is not varnishing identically on any open subset of
As there exists a point (z 1 : · · · : z n−1 ) satisfying that p −1 (z 1 : · · · : z n−1 ) ∩ H reg is dimension 1, then there exists an open subset U of CP n−2 contained in the image p(H reg \ X). By Sard's Theorem, it follows that Lebesgue measure of the critical value set A crit of p| Hreg \X is zero on CP n−2 . By Lemma 4.12, it follows that p −1 (z 1 : · · · : z n−1 ) ∩ H reg is smooth for any point (z 1 : · · · : z n−1 ) ∈ (U \ A crit ). Note that U \ A crit has positive measure on CP n−2 , then we prove the present Lemma.
Remark 4.15. Assume that for all point (z 1 : · · · : z n−1 ) satisfying that p −1 (z 1 :
Then the dimension of p −1 (z 1 : · · · : z n−1 ) ∩ H is 0 for almost all (z 1 : · · · : z n−1 ) in the sense of the Lebesgue measure on CP n−2 .
Proof of Theorem 1.5:
Without losing of generality, we assume that x 0 = 0 = (0, · · · , 0) ∈ C n and u is negative. Using Siu's decomposition, we have
where λ j , λ j ′ > 0, H j is through 0, and H j ′ is not through 0 (the dimension of {ν(u 0 + u A ′ , z) ≥ c} at 0 is small than n − 1 for any c > 0). By Lemma 4.2, it follows that there exist plurisubharmonic functions u A , u A ′ and u 0 , such that
If {ν(u, z) ≥ 1} is not a regular complex hypersurface through 0, then there are two situations:
By Lemma 2.6, it follows that one can assume that ν(u| X , 0) = 1. Then we obtain that By Lemma 4.1 (
, it suffices to prove that u = u 0 (ν(u 0 , 0) = 1). Using Corollary 4.6, there exists a complex plane
By Theorem 1.4 and Remark 2.5, it follows that Situation (A.1) has thus been proved.
Situation (A.2).

By Lemma 4.1 (u
, it suffices to prove that u = u A ′ (ν(u A ′ , 0) = 1). Using Corollary 4.10, there exists a complex plane V = (p −1 (z 1 : · · · : z n ) ∪ X) (dimension 2) through 0, such that dimension of {ν(u| V , z) ≥ c} at 0 is zero for any c > 0.
By Theorem 1.4 and Remark 2.5, it follows that Situation (A.2.1) has thus been proved.
Situation (A.2.2).
By Lemma 4.1 ( 
. By Lemma 2.6, it follows that one can assume that ν(u| X , x 0 ) = 1, and H 1 ∩X = H 2 ∩ X = x 0 by choosing neighborhood of x 0 small enough.
Using Lemma 4.11, we can obtain a point (
) are different curves. Using Theorem 1.4 and Remark 2.5, then it follows that Situation (A.2.2.1) has thus been proved.
Situation (A.2.2.2).
By Lemma 4.1(dd
, which is singular at 0. By Lemma 2.6, it follows that one can assume that ν(u| X , x 0 ) = 1, and H 0 ∩X = x 0 by choosing neighborhood of x 0 small enough.
Using Lemma 4.13 and Remark 4.15, we can obtain a point (z 1 , · · · , z n ) ∈ CP n−2 , such that (p −1 (z 1 , · · · , z n ) ∪ X) ∩ H j is a singular curve, or discrete points. Using Theorem 1.4 and Remark 2.5, then it follows that Situation (A.2.2.2) has thus been proved.
Combining with Situations (A.1) and (A.2), Theorem 1.5 has thus been proved.
5.
A new proof of Theorem 1.1
In this section, we give a new proof of Theorem 1.1 by movably using OhsawaTakegoshi L 2 extension theorem.
5.1. Estimation of L 2 norm of holomorphic functions on unit disc.
We recall a Lemma which was used in [10, 11] to prove the strong openness conjecture:
Lemma 5.1. (see [10, 11] ) Let f a be a holomorphic function on unit disc ∆ ⊂ C, which satisfies f | o = 0 and f a (a) = 1 for any a, then we have
where a ∈ ∆ whose norm is smaller than 1 6 , C 1 is a positive constant independent of a and f a .
Using L
2 extension theorem movably along radius.
In this subsection, we use L 2 extension theorem movably along radius and obtain the following result: Proposition 5.2. Let u be a plurisubharmonic function on the unit ball B(x 0 , 1) ⊂ C n satisfying that e −2u is not integrable near x 0 . Then for any z 2 = (z holds for any r < 4 , where C 3 is a constant independent of r and z 2 . If u is negative, then C 3 is independent of u.
Proof. It suffices to consider the case that u < 0.
Let H be a complex line through x 0 and z 2 + x 0 , then D := H ∩B(x 0 , 1) is a unit disc. Using Remark 2.4, we obtain a holomorphic function F rz2 on D satisfying 
